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In the paper [1], using the small-parameter method, we found the first terms
of the series expansion of the periodic solutions of the equations of motion
of a heavy rigid body about a fixed point when the body spins rapidly about
the z-axis. The study of the corresponding motion of this body cepended
essentially on the constant component of the speed of precession which vani-
shes under the approximation taken, for example, in the case

=0, (4 — OB — C) / AB = Y, 0.1)

We shall calculate below the constant component of the speed of precession
for Kowalewskl's gyroscope in th. Bobylev-Steklov case (the solution of the
initial system of equations of motion 1s periodic, and the condition
4 =B =2, po= z2o= 0 satisfies equation (0.1)), and we investigate the
resulting motion.

1, As is known [ 2], the equations of motion of a heavv rigid body about
a t'ixed point in Kowalewskl's case (1.1)

2dp | dt = qr, 2dq [ dt = — pr — ec®y”, dr/dt = e?y’, = Mg|z,|C*
dy/dt=ry' —gqy, dy/dt=py" —ry, dY'/dt=gr—pr, &=signg
are satisfied by the particular solutlon

P = Po» g=10 r= — gc?py"
and the system (1.1} has, in addition, two first integrals
T — 1aetpe M = o — Mpelpo 't A2y =

Here pys gos Tos Yos Yo @nd  y,” denote the inivial values or the vari-
ables.

We shall assume that at the initial instant of time the axis of symmetry
of the elllpsold of inertia z 1s Inclined to the vertical at some angle
8, and that a hlgh angular veloclty T, about this axls 1is lmparted to the
rigid body. Without losing generality, we select as the movable coordinate
system a system in which at the initial insvant of time the positive > and
x axes do not form an obtuse angle with the directlion of the gravitational
force. Then in this coordinate system the quantities r, and x, may take
on either positive or negative values., and the 1initial values vy, and vy
will satisfy conditions Te >0, T¢" > 0.

Since the system (1.1) 1s self-contained, we shall assume that Yo' =0 .
Under the above assumptions and condltion
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01" <1 (1.2)

(the cases y,“= 0 and yy =1 are discussed below) the solution of equa-
tions (1.1) is found in the form

roh S g (hdnu — 14"%)
p=—ep q=0, r=Sidnu, y=VIi—m57+ : STCRE
,  k%hy? .
T = 2 sSn u cn u, " =hduu (1.3)
hyt ergt . _ he? Yo"
u = — 5+ u, = K = = RE ="
Bt =yt — 2002 VT — 100 — 20 — (— 17 200 [ — 10”2 2002 VT — 757 + ]
i=1,2)
Here u 1s a small parameter. We note the relation
T 70 + o
k= 4p? A Z:a o +pe .
(1.4)

1 —
h1=To"[1—k_—(e—D]+k‘(--) “o'-u( +k2(---)

2. For an analysis of the motion of Kowalewski's gyroscope we introduce
the Euler angles 6, o and ¥

d + 1’ di d it
cos 6 = 1¢”, %=T—_——Tq,—,1, T(f=r——£c0s0 (tgcpo=T—:f) 2.1)

From the first formula of (2.1) and Equations (1.3) and (1.4), we find

V' o 2

cos 0 = 14" [1 +p2——s7—— (cos rot — 1)] +pt(o.) (2.2)

The expression for the angle of precession takes on the form [ 3]
ep? sin ryt p3eN (mo)
— — 0 Ce 2.3
w ‘Po T ” -V'1__,r g + 27 2 + ( )
_ M + 1, (e
N (mo) 4m0 (mO 1) + 2 + mg (3 - 28)1 my = 1 — To”ﬂ

We note on the basis of (1.2) that ¥(my) > O ; from this it follows
that for sufficlently small p , the constant component of the speed of pre-
cession will never vanish.

From the last two formulas of (2.1) we have for the spin angle

M -
YT e () 2.9

? —.l/zﬂ = ("o—

To the three arbitrary constants cos 8o= vo" » and r, (where ro 1is
large), which appear in these ‘formulas, wc may add fl] (by replacing ¢ by
t+h a fourth arbltrary constant ¢, , which 1s related to h , on the basis
cf (2.4), by Formula

o="1hn+rh+p(..)

Comparing the resulting approximate expressions for the Euler angles wilth
the analogous expressions of [1], we can convince ourselves that they coin-
cide, excep* for the constant of the speed of precession, whose order of
smallness, u®, 1s higher than that considered in [1]. For thils reason, the
center of a spherical rectangle in which is inscribed the ellipse which, in
a first approximation, 1s the trajectory of th:= axis of symmetry of the gyro-
scope on the fixed unit sphere [1], will move along a corresponding parallel.
The speed of displacement will be equal to the constant component of the
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speed of precession.

The spin of Kowalewski's gyroscope, as is evident from Formula (2.4),
will differ only slightly from uniform rotation with a high angular velocity
To »

3. Let us consider the motion of Kowalewski's gyroscope for the cases
Yo'=0 and y, =1 .

If vy = 0 (r,# 0), we obtain Equations p,=0 and vy“= O , which leads
to the case of physical pendulum.

In order to study the case vy,"= 1 , we select the moving coordinate axis
x in such a way that x,> 0 . %hen, setting

To=1% = U =0,7" =&e=Iy =1, k=2p2 u=1/,rt

according to the formulas of Sections 1 and 2, retalning only the first terms
of the serles expansion in powers of u and omitting the arbitrary constants
which are not relevant to what follows, we have

cos @ =1 — 2ufsin® (Yorgt) + . .., P = Yoret, @ =Yg .. 3.9

Let us draw a fixed sphere of unit radius about the fixed point and con-
sider on this sphere a circle of radius a (g = Jﬁuz) with 1ts center at the
point of intersection of the sphere with the downward direction of the vei-
tical. Then the trajectory of the axis of symmetry of the gyroscope in this
case will be the curve 8 =@ sin § , consisting of two circles of radius
#2 which are tangent to each other. Describing this sinuscidal spiral, the
axis of symmetry will, in a first approximaticn, perform a perilodic motion
with period T = An/ro. The characteristic rotation of the body, as is evi-
dent from the last formula of {3.1), will differ only slightly from uniform
revolution with a high angular velocity &7, .
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